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Abstract We find an exact formula for the thermally aver-
aged cross section times the relative velocity 〈σvrel〉 with rel-
ativistic Maxwell–Boltzmann statistics. The formula is valid
in the effective field theory approach when the masses of
the annihilation products can be neglected compared with
the dark matter mass and cut-off scale. The expansion at
x = m/T  1 directly gives the nonrelativistic limit of
〈σvrel〉, which is usually used to compute the relic abundance
for heavy particles that decouple when they are nonrelativis-
tic. We compare this expansion with the one obtained by
expanding the total cross section σ(s) in powers of the non-
relativistic relative velocity vr . We show the correct invari-
ant procedure that gives the nonrelativistic average 〈σnrvr 〉nr
coinciding with the large x expansion of 〈σvrel〉 in the comov-
ing frame. We explicitly formulate flux, cross section, ther-
mal average, collision integral of the Boltzmann equation in
an invariant way using the true relativistic relative vrel, show-
ing the uselessness of the Møller velocity and further eluci-
dating the conceptual and numerical inconsistencies related
with its use.
1 Introduction
While there is compelling evidence in astrophysics and cos-
mology that most of the mass of the Universe is composed
of a new form of non baryonic dark matter (DM), there is a
lack of evidence for the existence of new physics at LHC and
other particle physics experiments. On the theory side, many
specific models with new particles and interactions beyond
the standard model have been proposed to account for DM.
Under these circumstances where no clear indications in
favor of a particular model are at our disposal, the phe-
nomenology of DM as been studied in a model independent
way using an effective field theory approach; see for example
[1–23].
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Measurements of the parameters of standard model of cos-
mology [24,25] furnish the present day mass density of DM,
the relic abundance, h2 ∼ 0.11 with an uncertainty at the
level of 1 %. Any model that pretends to account for DM
must reproduce this number, which, on the other hand, sets
strong constraints on the free parameters of the model.
When the DM particles are weakly interacting massive
particles that decouple from the primordial plasma at a tem-
perature when they are nonrelativistic, the relativistic aver-
aged annihilation rate 〈σvrel〉 can be well approximated by
taking the nonrelativistic average of the first two terms of
the expansion of σ in powers of the nonrelativistic relative
velocity. With vrel we indicate the relativistic relative velocity
and with vr the nonrelativistic relative velocity, as defined in
Appendix B. To describe collisions in a gas, and in particular
in the primordial plasma, the reference frame that matters
is the comoving frame (COF) where the observer sees the
gas at rest as a whole and the colliding particles have gen-
eral velocities v1,2 without any further specification of the
kinematics.
It is thus desirable to formulate cross sections and rates
in a relativistic invariant way, such that all the formulas and
nonrelativistic expansions are valid automatically in the COF.
Obviously, invariant formulas give the same results in the
lab frame (LF), the frame where one massive particle is at
rest, and in the center of mass frame (CMF) where the total
momentum is zero. We will see that the key for the invariant
formulation is vrel.
On the contrary, in DM literature [26] instead of vrel it is
used the so-called Møller velocity v¯; see Appendix B. That
this is incorrect was already discussed in Ref. [27] but papers
using v¯ continue to appear. The problem with v¯, which is not
the relative velocity, is its non-invariant and non-physical
nature, for it can take values larger than c.
In this paper we first find an exact formula for 〈σvrel〉
as a function of x = m/T calculated with the relativistic
Maxwell–Boltzmann statistics. The formula is valid in the
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effective field theory framework such that the masses of the
annihilation products can be neglected compared with the
DM and the cut-off scale. For concreteness we work with
fermion DM. We find the thermal functions corresponding
to various interactions and in particular those corresponding
to s and p wave scattering in the nonrelativistic limit which
is given by the expansion at x  1. This is done in Sect. 2,
and Appendix A contains some mathematical results needed
for the derivation of the exact formula and its asymptotic
expansions.
Then, in Sect. 3, we present the correct invariant method
for obtaining the same expansion by expanding the total anni-
hilation cross section σ(s) in powers of vr .
We then discuss in Sect. 4 the problems with the use v¯,
while the numerical impact on the relic abundance of some
incorrect methods employed in the literature is evaluated in
Sect. 5.
Appendix B is preparatory for the whole paper: we recall
how relativistic flux, cross section, rate, collision term of the
Boltzmann equation and thermal averaged rate can be defined
in the invariant way in terms of vrel showing the uselessness
of the Møller velocity.
2 Exact formula for the thermal average in the effective
approach
We consider a DM fermion field χ that couples to other





The DM particles can be of Dirac or Majorana nature and
have massm, whileψ are the standard model fermions or new
ones. Here λa,b are dimensionless coupling associated with
the interactions described by combination of Dirac matrices
a,b.  is the energy scale below which the effective field
theory is valid. In the exact theory  corresponds to the mass
of a heavy scalar or vector boson mediator that appears in the
propagators. The ψ masses can be neglected compared to 
and m. The exchange of a heavy mediator with mass  may
take place in the s-channel and/or in t-channel, as depicted
in Fig. 1, depending on the specific model.
2.1 Exact formula for 〈σvrel〉
In all generality, for 2 → 2 processes, the matrix elements
depend only on two independent Mandelstam variables, for
example s and t , and the squared matrix element is dimen-
sionless. After integrating over the CMF angle, for example,
the only remaining dependence is on s and m. Any amplitude
Fig. 1 s and t channel annihilation diagrams reducing to the effective
vertex corresponding to the lagrangian Eq. (1)
related to the operator (1) gives an integrated squared matrix
element |M|2 summed over the final spins and averaged over
the initial spins that is a simple polynomial of the type
w =
∫
|M|2d cos θ = p2s2 + p1m2s + p0m4, (2)
with p0, . . . , p2 depending on  and λa,b.
To get the formula for 〈σvrel〉 in a useful form, it is con-
















which contains all the couplings. In terms of the effec-
tive cross section (4), and of the dimensionless variable










where now a2, . . . , a0 are pure numbers. The total unpolar-












We now set m1 = m2 = m, m3 = m4 = 0 in Eq. (6) and








y − 1K1(2x√y)σ0(y). (7)
Using the integrals of Appendix A, we find
〈σvrel〉 = σ 1
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In the case m3 = m4 = 0 the pure mass terms do not appear
in the cross sections, thus a0 = 0. Furthermore, we can relate
a2 and a1 each other by an appropriate multiplicative factor,
a1 = ka2, (9)
and we express the cross sections as a function of a2 only.
The general formula (8) thus finally becomes















the factored out thermal function.
The nonrelativistic thermal average is given by the expan-
sion at x  1. Using the asymptotic expansions Eq. (A.2)
we find










In the ultrarelativistic limit, x 	 1, using the expansions
(A.3), the thermal functions behave as 3/x2, thus










which is the expected result for massless particles.
The exact integration is possible because the effective
operator removes the momentum dependence in the prop-
agators that are reduced to a multiplicative constant and the





4) = s in the cross section (6). For example,







y−ρ√y − 1K1(2x√y)σ0(y, ρ),
with ρ = m2ψ/m2 and y0 = 1 if m ≥ mψ , y0 = ρ if
m < mψ . In this case the exact integration is not possible but
nonrelativistic expansions exist also in the case ρ = 1 and
ρ  1 as we have shown in Ref. [27].
2.2 Applications
In order to show the thermal behavior of different interac-
tions, we calculate the cross sections for various operators
of the type (1), both for s and t channel annihilation. We list
the quantity  = 4/(λ2aλ2b) w and the resulting average
Eq. (10).
For the s-channel annihilation we find:
1. Scalar: (χ¯χ)(ψ¯ψ), (χ¯χ)(ψ¯γ 5ψ).
 = 2s(s − 4m2), 〈σSvrel〉 = σ2F−4(x). (14)
2. Pseudoscalar: (χ¯γ 5χ)(ψ¯γ 5ψ), (χ¯γ 5χ)(ψ¯ψ):
 = 2s2, 〈σPSvrel〉 = σ2F0(x). (15)
3. Chiral: (χ¯ PL ,Rχ)(ψ¯ PL ,Rψ).
 = 1
2
s(s − 2m2), 〈σCvrel〉 = σ 1
2
F−2(x). (16)
4. Pseudovector: (χ¯γ μγ5χ)(ψ¯γμγ5ψ), (χ¯γ μγ5χ)(ψ¯γμψ).
 = 8
3
s(s − 4m2), 〈σPVvrel〉 = σ 8
3
F−4(x) (17)
5. Vector: (χ¯γ μχ)(ψ¯γμψ), (χ¯γ μχ)(ψ¯γμγ 5ψ).
 = 8
3
s(s + 2m2), 〈σV vrel〉 = σ 8
3
F2(x). (18)
6. Vector-chiral: (χ¯γ μPL ,Rχ)(ψ¯γμPL ,Rψ).
 = 8
3
s(s − m2), 〈σVCvrel〉 = σ 8
3
F−1(x). (19)
The tensor interaction σμν gives the same function as the
vector case and is not reported. In the case of a Majorana χ
clearly the vector and tensor interactions are absent, and the
inclusion of a factor 1/2 in the operator (1) cancels the factor
4 due to the presence of the exchange diagram of the initial
identical particles.
Now we consider some examples of t-channel annihilation
for operators common to Dirac and Majorana DM annihila-
tion:
1. Scalar, pseudoscalar: (χ¯χ)(ψ¯ψ), (χ¯χ)(ψ¯γ 5ψ),
(χ¯γ 5χ)(ψ¯γ 5ψ), (χ¯γ 5χ)(ψ¯ψ).
D = 2
3











2. Chiral: (χ¯ PL ,Rχ)(ψ¯ PL ,Rψ).
D = 1
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Fig. 2 The thermal function (11) for the interactions and annihilation
cross sections considered in the text
3. Pseudovector: (χ¯γ μγ5χ)(ψ¯γμγ5ψ), (χ¯γ μγ5χ)(ψ¯γμψ).
D = 4
3












The thermal functions corresponding to the previous cases
are shown in Fig. 2 where the asymptotic behaviors are



























behave in the nonrelativistic limit as
F0(x) ∼ 1 + O(x−2), F−4(x) ∼ 3
2x
+ O(x−2).
The function F0(x), which appears in the s-channel anni-
hilation through a pseudoscalar interaction, is the only case
where the term of order O(x−1) is absent, while F−4(x),
which appears in the scalar and axial-vector s-channel anni-
hilation and in the chiral t-channel Majorana fermion anni-
hilation, is the only case where the constant O(x0) term is
zero. These are the exact temperature dependent factors that
correspond to the phenomenological interpolating functions
proposed in Ref. [28] to model the s-wave and p-wave behav-
ior in the nonrelativistic limit. For all other interactions both
s-wave and p-wave contributions are present. The function
F−4(x) can also be read off from the formulas of Ref. [29]
where the t-channel annihilation of Majorana fermions with
the exchange of a scalar with chiral couplings was consid-
ered.
We note that although we have concentrated on the case of
fermion DM, the formula is valid for DM scalar and vector
candidates as well, with the necessary redefinition of σ.
3 Expansion of the cross section in powers of the
relative velocity
In the general case m3 = m4 = mψ = 0 the exact integration
is not possible. If the relative velocity of the annihilating
particles is small compared with the velocity of light we can
work directly with nonrelativistic formulas. The exothermic
annihilation cross section in the nonrelativistic limit, to the
lowest orders in vr , is usually expanded as σnr ∼ a/vr +bvr ,
and multiplying by vr ,
σnrvr ∼ a + bv2r . (28)
Then, using Eqs. (B.21) and (B.22), the nonrelativistic ther-
mal average of Eq. (28) is
〈σnrvr 〉nr ∼ a + 6b
x
. (29)
In the case of our cross sections, comparing Eq. (29) with






, b = −σa2 k
16
. (30)
We now ask, given σ(s), how to perform the expansion
in terms of the relative velocity to find the coefficients a and
b that correspond to the large x expansion of the relativistic
thermal average in the COF. Combining Eqs. (5), (6), and
(9), the general total annihilation cross section reads












1 This result must coincide with the expansion of Refs. [27,30]. With
our notation the expansion is








where the prime indicate derivative respect to the variable y. Compari-
son with the expansion (29) requires one to identify





σ ′0|y=1 − σ0|y=1
)
.
Using Eq. (5) with a0 = 0 and a2 = ka1, it is easy to verify that one
obtains again Eq. (12).
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The correct way to proceed is to use the invariant relation








This formula is valid in every frame and substituted in
Eq. (31) gives the exact dependence of the cross section on the
relativistic relative velocity, σ(vrel). Then, if vrel ∼ vr 	 1,
we can expand the obtained expression to the desired order
in vr and the nonrelativistic average taken using Eq. (B.22)
will coincide with the expansion of Eq. (10) for x  1, that
is, the expansion (12).
Equivalently, in order to find the expansion (28), we note
that the squared roots in the annihilation cross section (31)
imply that a term of order v4r in s will contribute to the order
v2r in σ . Thus we need to expand s, formula (32), at least to
order v4r ,




Substituting Eq. (33) in (31) and performing the expansion










in agreement with (30).
In the case of coannihilations [31], for example when a
DM particles scatter off another particle with different mass,
the Mandelstam invariant takes the form













This procedure gives the correct expansion in the COF where
the velocities v1,2 of the colliding particles are specified in
this frame. Clearly, the same expansion with the same coef-
ficients is obtained in the LF and in the CMF.
4 The problems with the Møller velocity
The simple outlined procedure has not been recognized
in DM literature where, incorrectly, the Møller velocity v¯,
Eq. (B.25), instead of vrel is considered. As recalled in
Appendix B, v¯ is a non-invariant, non-physical velocity. The
expression of v¯ in terms of s is thus different in different
frames and the expansion of σ takes different values in dif-
ferent frames.
Before discussing the problems with the Møller velocity
we note that if we take the limit m f → 0 in the analogous
expansions published many papers [4–11], we do not repro-
duce the expansion (34). The reason is that in these papers
the expansion of s is truncated to the lowest order in v2r ,
s ∼ 4m2 + m2v2r . (37)










with an incorrect coefficient b. Clearly the same wrong result
is obtained truncating (33) to order v2r , whatever the frame
in which vr is specified, CMF, LF or COF.
We now go back to the Møller velocity (B.25). Evaluated




s∗ − 4m2. (39)
We indicate the quantities evaluated in the CMF with a “*”.





This relation is different from (32) and is often incorrectly
identified as the relation between s and the relative velocity
in the CMF; see for example [10,31]. In fact, the expansion
to order O(v4r,∗) reads




When used in (31), it gives the following nonreltivistic expan-










which is different from the correct expansion (34).
Other authors, see Refs, [26] and [20–23], perform the
expansion with the Møller velocity evaluated in the rest frame
of one particle. Indicating with “” the quantities in this






s − 2m2 , (43)
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This expression is formally identical to Eq. (32), thus when
v¯ ∼ vr, and s is expanded up to the order v4r, we obtain the
expansion σnrvr,, which formally coincides with Eq. (34),
with vr, in place of vr .
It should be clear that this is just a mathematical coinci-
dence due to the fact that v¯ reduces to vrel only when one of
the two velocities v1,2 is zero as it is evident from the defi-
nitions Eqs. (B.5) and (B.25). In other words, the expansion
found in Refs. [20–23] are correct because the authors have
implicitly used the relative velocity, Eqs. (B.8) and (33).
We thus emphasize some common statements found in the
DM literature and why they do not subsist:
1. In the relativistic Boltzmann equation the v in σv is v¯
and 〈σv〉 must be calculated in the LF frame.
This is not true, as shown in detail in Ref. [27] and in
Appendix B. Using vrel and recognizing the non-physical
nature of v¯, one works always with invariant quantities
and the consistency of the relativistic and nonrelativis-
tic formulas and expansions is obtained in the comoving
frame without any further specification of the kinematics.
The LF, also called the Møller frame in Ref. [23], cannot
be a privileged frame for the relic abundances calculation
also because for massless particles the rest frame does not
exist.
2. The Møller velocity coincides with relative velocity in a
frame where the velocities are collinear.
This is not true because, for example, in the CMF where
the particles have velocities v∗, the Møller velocity is 2v∗
while the relative velocity is 2v∗/(1 + v2∗). Note that the
true relative velocity is never superluminal.
5 Impact on the relic abundance
Only in the case k = −4 the incorrect expansions (38) and
(42) coincide, incidentally, with the expansion (34). While
the lowest order coefficient a turns out to be always the same,
the coefficient b is different in any other case. To illustrate the
impact of b on the value of the relic abundance we consider
the case of the s-channel annihilation with vector interaction,
Eq. (18), and the s-channel annihilation with a pseudoscalar
exchange, Eq. (15). In the first case k = 2, a2 = 8/3, and
the correct coefficients a and b are
aV = 4σ, bV = −σ
3
, (45)








In the second case, k = 0 and a2 = 2, thus
aPS = 2σ, bPS = 0, (47)








We calculate the relic abundance following the exact the-
ory of freeze out presented in Ref. [32]. We briefly recall the
main points. Let Y0 = 45/(4π4)(gχ/gs)x2K2(x) be the ini-
tial equilibrium abundance (number density over the entropy
density), with gχ = 2 for spin 1/2 fermions and gs the rela-
tivistic degrees of freedom associated with the entropy den-
sity. The function Y1(x) that gives the abundance up to the
point x∗ where Y1(x) − Y0(x) is maximal is




















at x = x∗. (51)






〈σvrel〉(Y 20 − Y 2), (52)
with the initial condition (x∗, Y (x∗) = Y1(x∗)). The factor C





g∗, where MP is the Planck
mass and
√
g∗ = gs/√gρ(1 + T/3 d(ln gs)/dT ) accounts
for the temperature dependence of the relativistic degrees of
freedom associated with the energy density, gρ , and gs [26,
30]. For WIMP masses larger than 10 GeV we can neglect the
temperature dependence of the degrees of freedom [33,34]
and take gs = gρ = g = 100, √g∗ = √g. In solving
numerically (51) and (52) with the exposed method, we use
the exact formula for 〈σvrel〉, Eq. (10).
We compare the previous numerical solution with the one
obtained using the nonrelativistic freeze out approximation
(FOA), which is commonly employed in the literature. The
123
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FOA consists in integrating Eq. (52) with an initial condi-
tion (x f , Y (x f )) such that the equilibrium term proportional
Y 20 can be neglected. We choose the freeze out point at the
point x2 where Y (x2)  Y1(x2) = 2Y0(x2). As shown in
Ref. [32], Y1(x) well approximates the true abundance also
in the interval x∗ < x < x2. x2 is the optimal point for the
FOA and corresponds to the temperature where the extent
of the inverse creation reaction ψψ¯ → χχ is maximal. The
solution in the freeze out approximation is then
YFOA = 2Y0(x2)
1 + 2Y0(x2) Cx2 (a + 3 bx2 )
. (53)
The freeze out point x2 is given by the condition − 1Y0 dY0dx =
3 C
x2
〈σvrel〉Y0, which, in terms of the method of Ref. [35]
corresponds to c(c + 2) = 3, that is, c = 1. Using the non-

















x−1/2e−x = 1. (55)
Calling α = 3aC√π/2, an accurate analytical approximate
solution of Eq. (55) is given by
x2 = ln α − 1
2







The relic abundance normalized over the critical density is
h2 = 2.755 × 108(m/GeV)Y(∞) for a Majorana fermion
and two times that quantity for a Dirac fermion with the
same density of antiparticles. We now compare the exact
relic abundance h2 with the value (h2)FOA furnished by
the nonrelativistic FOA calculated using the correct and the
wrong expansions. We take the couplings λa,b = 1 for illus-
trative purposes and two values of the cut off scale,  = 1, 10
TeV. The value of the freeze out points x∗ and x2 varies
roughly between 18 and 30 in the parameter space with
m <  where the effective treatment is supposed to be valid.
The ratio h2/(h2)FOA is shown in Fig. 3 as a function
of the DM mass for the chosen examples. The bottom blue
curves show that the FOA with the correct coefficients (45)
and (47) underestimates the numerical value by less than 2 %,
and that in most part of the parameter space the error is at
the level of 1 % or less. This a test of goodness for our FOA,
and confirms what shown in Ref. [32]. The red and the black
curves show the effect of the wrong coefficients (46) and (48),
respectively. The wrong expansions underestimate the relic
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Fig. 3 Ratio of relic abundance obtained by solving numerically the
abundance equation (52) over the value given by the freeze out approx-
imation for the pseudoscalar and vector interactions. In the bottom blue
curves for the FOA the correct coefficients (45) and (47) are used. The
red and black lines show the effect of the wrong coefficients (46) and
(48) respectively
abundance by a factor between 3 and 12 % for both inter-
actions for masses larger than 10 GeV as shown in the plot.
The behavior is similar for the other interactions not shown
in figure. The error becomes even larger at smaller masses
and we have verified that using for example c = 1/2 and
other values we get even worst approximations. Clearly this
kind of error nowadays is not compatible with the precision
with which the experimental value is known.
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Appendix A: Integrals and expansions
Equation (7) can be written as










The integrals are evaluated with methods similar to those
described in Ref. [27] in terms of Bessel functions of the
second kind:
123














y − 1yK1(2x√y) = 1
2x













[5K 21 (x) + 8K 22 (x) + 3K 23 (x)].
The expansions at x  1 are
K 21 (x)
K 22 (x)























Appendix B: Invariant formulation using vrel
In this appendix we recall, based on the results of Ref. [27],
the main points about the relation between the relative veloc-
ity, the Møller velocity, flux and thermal average which are
used in the main text.
Appendix B.1: Invariant relative velocity
The relativistic relative velocity that generalizes the nonrel-
ativistic relative velocity








We have explicitly written the dependence on the velocity
of light c to make manifest that vrel coincide with vr in the
nonrelativistic limit because the scalar and vector products
are of order (v/c)2. In the following we go back to natural
units.
The relative velocity vrel can be written using the Man-
delstam invariant s = (p1 + p2)2, where p1,2 are the four-
momenta, and λ, the Mandelstam triangular function,
λ(s,m21,m
2
2) = [s − (m1 + m2)2][s − (m1 − m2)2], (B.6)
in a generic frame,
vrel =
√
(p1 · p2)2 − m21m22






s − (m21 + m22)
, (B.8)
showing its invariant nature.
Appendix B.2: Flux factor
Given two bunches of particles with number densities n1,2
and velocities v1,2 in a generic inertial frame, in nonrelativis-
tic physics the flux is Fnr = n1n2vr . To obtain the relativistic
invariant flux that reduces to Fnr in the nonrelativistic limit,
the easiest way is to consider the 4-currents Ji = (ni , nivi ),
thus
F = (J1 · J2)vrel = n1n2(1 − v1 · v2)vrel. (B.9)
Note that the factor (1 − v1 · v2) that guarantees the Lorentz
invariance of the product of the number densities can also be
written as
1 − v1 · v2 = γr
γ1γ2
= p1 · p2
E1E2
, (B.10)
where γr = 1/
√
1 − v2rel is the Lorentz factor associated with
vrel and γi the Lorentz factors associated with vi .
If the element of Lorentz invariant phase space is defined
as usual




and one particle states for bosons and fermions are normal-
ized to 2Ei such that the density per unit volume is 2Ei , then,
using (B.10), the flux (B.9) simplifies to
F = 4(p1 · p2)vrel. (B.12)
Substituting the expression of vrel in the momentum repre-
sentation, formula (B.7), in Eq. (B.12), the scalar product




(p1 · p2)2 − m21m22. (B.13)
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Appendix B.3: Cross section and collision integral
The integrated collision term of the Boltzmann equation,
neglecting quantum effects, can be written as
∫ 4∏
i=1
d p˜i [ f3 f4W (3, 4|1, 2) − f1 f2W (1, 2|3, 4)],
where W (i j |kl) = (2π)4δ4(Pi j − Pkl)∑si ,s f |Mi j→kl |2,
and fi is the phase-space distribution.
Using the unitary condition
∫
d p˜3d p˜4W (3, 4|1, 2) =∫
d p˜3d p˜4W (1, 2|3, 4) to write the collision integral only in





d p˜i ( f3 f4 − f1 f2)W (1, 2|3, 4), (B.14)
we keep out a statistical factor accounting for the possibility
of identical particles.
By definition, the invariant cross section, using the flux in





W (1, 2|3, 4)
g1g2
, (B.15)
gi = (2si + 1) being for the spin degrees of freedom.
Assuming as usual that the annihilation products are
described by the equilibrium phase-space distribution at zero
chemical potential f0,i , we have f3 f4 = f0,3 f0,4 = f0,1 f0,2,







(p1 · p2)( f0,1 f0,2 − f1 f2)σvrel.
The equilibrium phase-space distribution f0,i is related to
the number density n0 and to the momentum distribution
f0,p( p) by gi/(2π)3 f0,i = n0,i f0,p( p). Assuming fur-
ther that the non-equilibrium phase-space function at finite
chemical potential fi remains proportional to the equilib-
rium momentum distribution by a factor given by the non-
equilibrium number density ni , gi/(2π)3 fi = ni f0,p( p),
we obtain
1
1 + δ12 (n0,1n0,2 − n1n2)〈σvrel〉. (B.16)
When the species 1 and 2 are the same, it takes the usual
form 〈σvrel〉(n20 − n2) with the factor 1/2 canceled by stoi-
chiometric coefficient appearing in the left-hand side of the
complete kinetic equation; see for example Ref. [32].
Appendix B.4: Averaged thermal rate







(p1 · p2) f0,p( p1) f0,p( p2)σvrel.
(B.17)
In the case of the relativistic Maxwell–Boltzmann–Juttner
statistics, the momentum distribution is





and as shown in Ref. [27], the six-dimensional integral on





where the probability distribution of vrel, for example for












γr + 1). (B.20)
This is completely analogous to the nonrelativistic case







−x v2r4 , (B.21)




dvr P(vr )σnrvr . (B.22)
Given the total annihilation cross section σ the product σvrel
will reduce to the nonrelativistic limit σnrvr and 〈σvrel〉 to
〈σnrvr 〉nr in the COF when vrel ∼ vr 	 1. Expressing
Eq. (B.19) in terms of s using (B.8), we obtain the usual





















with xi = mi/T and M = (m1 + m2).
We have recently become aware of the paper [37] where,
probably for the first time, the thermal average of relativistic
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rates was discussed and it was realized that with the relativis-
tic Maxwell–Boltzmann statistics formula (B.17) reduces to a
single integral over the distribution over the relative momen-
tum. With some algebra and change of variables it is easy to
verify that for example Eqs. (11b) and (12a) of [37] coincide
with Eqs. (29) and (37) of Ref. [27]. In Ref. [37] the cases
of collisions of two massive particles, two massless particles
and a massive with a massless particles are treated separately
as if different definitions of flux and cross sections were nec-
essary in each case. Clearly this distinction is unnecessary
for the formulation we have given is completely general and
valid in any case. We finally note that an integral formula
similar to (B.23) was also given in Ref. [29].
Appendix B.5: No need for the Møller velocity
By noting that in Eq. (B.9) the factor (1− v1 · v2) can cancel
the same factor in the denominator of vrel, the invariant flux
can also be written in the form
F = n1n2
√
(v1 − v2)2 − (v1 × v2)2. (B.24)
In the textbook by Landau and Lifschits [38] this form is
attributed to Pauli without giving any reference, while its
origin is more generally attributed to Møller [39].
It is interesting to look at original paper by Møller [39].
With our notation, he wants to prove that the flux given (B.24)
is invariant. In order to do that he shows that this can be
written as a product of two invariant quantities: the ratio n1n2E1E2
and the quantity B =
√
(p1 · p2)2 − m21m22 and there he
stops.
The flux factor written in the form (B.24) has the same
structure of thee nonrelativistic expression n1n2vr . Probably
for this reason it has been later introduced in the literature
the notion of Møller velocity
v¯ =
√
(v1 − v2)2 − (v1 × v2)2 =
√




It is worth to stress that neither Møller nor Landau and Lifs-
chits attribute any particular meaning to Eq. (B.25) and do not
define it as a particular velocity, even less as relative veloc-
ity. Clearly v¯ is nothing but the numerator of the formula
defining vrel because v¯ = (1 − v1 · v2)vrel, where the factor
(1 − v1 · v2) comes from the definition of the invariant flux
(B.9). Already this fact indicates that v¯ is not a fundamental
physical quantity and overall, it is not the relative velocity,
nor when the velocities are collinear.
On the contrary, in DM literature and in textbooks, when
defining the flux factor for the relativistic invariant cross sec-
tion, it is incorrectly asserted that in a frame where the veloci-
ties are collinear the quantity |v1−v2| is the relative velocity,
while in a generic frame is given by (B.25). The form (B.24)
of the flux is a simple consequence of the fundamental quan-
tities (B.5) and (B.9), there is no new physics or concept in it.
For these reasons, and for its non-invariant and non-physical
nature, v¯ should not be used.
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